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1 Introduction. 

In [9], Kowalski and Sekizawa defined and characterized the natural tensor fields of type 
(0, 2) on the tangent bundle TM of a manifold M. More precisely, let ^ be a metric 
on TM which cames from a second order natural transformation of a metric g on M. 
Then there are natural F — metrics (,i,£,2 and ^3 (i.e. a bundle morphism of the form 
^ : TM © TM © TM — M x IR linear in the second and in the third argument) derived 
from g, such that g = ^l'^ + ^2'^ + ^3'^ with ^1 and ^3 symmetric , where ^{'^,^2'^ and 
^3'^ are the classical Sasaki, horizontal and vertical lift of (,1,^2 and ^3 respectively. Also 
Kowalski and Sekizawa [TO] study the natural tensor fields on the linear frame bundles of 
a manifold endowed with a linear connection. 

In [2], Calvo and Keilhauer showed that given a Riemannian manifold {M,g) any (0,2) 
tensor field on TM admits a global matrix representation. Using this one to one relationship, 
they defined and characterized what they called natural tensor. In the symmetric case 
this concept coincide with the one of Kowalski and Sekizawa. Keilhauer [7] defined and 
characterized the tensor fields of type (0, 2) on the linear frame bundle of a Riemannian 
manifold endowed with a linear connection. The natural tensors on the tangent and 
cotangent bundle of a semi Riemannian manifold was characterized by Araujo and Keilhauer 
in [1]. The idea of all these works ([I], [2] and [7j) is to lifted to a suitable fiber bundle a 
tensor field on the tangent bundle, cotangent bundle and linear frame bundle respectively, 
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so that to look at them as a global matricial maps. The principal difference with the works 
[9] and [10] is that they do not make use of the theory of differential invariant developed by 
Krupka [H], (see also [S] and [E]). 

The aim of this work is generalized the notion of natural tensor fields in the sense of 
[T],[2] and [7] to manifolds and fibrations. With this purpose we introduce the concept of 
s-space. In Section 2, we define and give some examples of s-spaces. We also see general 
properties of s-spaces, for example that there exist a one to one relationship between the 
tensor fields of type (0, 2) and some types of matricial maps. This relationship allows us 
to study the tensor fields in the sense of [2]. We characterize the s-spaces which its group 
acts without fixed point. We study some general statement of morphisms of s-spaces and 
tensor fields on manifolds in Section 3. In Section 4, we define connections on s-spaces (that 
agree with the well known notion of connection when the s-space is also a principal fiber 
bundle). We give a condition that a s-space endowed with a connection has to satisfies to 
has a parallelizable space manifold. Also, help by a connection we show an useful way of 
lift metrics on the manifold to the space manifold of the s-space. The concept of s-space 
gives several notions of naturality. The A — natural and A — natural tensors with respect 
to a fibration are define in section 5. We also give examples and we see that these notions 
extend that one of [T],[2] and [7]. In Section 7 we define the notion of atlas of s-spaces and 
we use them to generalized the A — naturality. In Section 8, we consider some s — spaces 
over a Lie group and characterized the natural tensors fields on it. Finally, we study the 
bundle metrics on a principal fiber bundle endowed with a linear connection. 

2 s-spaces. 

Definition 1 Let M he a manifold of dimension n. A collection A = {N^ip^O^R, {ei}) is 
called a s-space over M if: 

a) N he a manifold. 

h) ip : N — > M is a suhmersion. 

c) O is a Lie group and R is a right action of the group O over N which is transitive in 
each fibers. The action also satisfies that ip o = ip for all a £ O. 

d) Ci : N — > TM , with 1 < i < n, are differential functions such that {ei{z), . . . , e„(2)} 
is a base of M^(^2) for all z £ N . 

liip{z) = p, then {ei{z), . . . , e„(z)} and {ei{z.a), . . . , en{z.a)} are bases of Mp. Therefore 
there exists an invertible matrix L(z, a) such that {ei{z.a)} = {ei{z)}.L{z, a) , (i.e. ei{z.a) = 
Yl^=i ^'(-^)-^i(-2i ^) for 1 < i < n). If the matrix L only depends of the parameter of the Lie 
group O, we have a differ entiable map 

L : O — > GL{n) such that {cj} o R^ = {ej}.L(a) 
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that we called the base change morphism of the s-space A. It easy to see that L is a group 
morphism. In this case we said that A have a rigid base change. From now on, we will 
consider only this class of s-spaces. 

In the sequel, unless otherwise stated, dimM = n, dimO = k and we will denote the 
Lie algebra of O by o. Also, we assume that all tensor are of type (0, 2). 

Example 2 Let LM be the frame bundle of a manifold M . LM induce a s-space A = 
{LM,'jr,GL{n), { ■ ),{vrj}) over M, where vr is the projection of the bundle, { ■ ) is the 
natural action of the general linear group over LM and 7rj(p, u) = Ui. The base change 
morphism is L{a) = a for all a € GL[n). This example shows that every manifolds admits 
at least one s-space. For simplicity of notation, let us denote this s-space by LM too. If 
we consider a Riemannian metric on M or an orientation, then the bundle of orthonormal 
frames and the bundle of orientated bases induced similar s-spaces over M . 

Example 3 Let a = (P, vr, G, ■ ) be a principal fiber bundle over M, and uj be a connection 
on a. Let A = {N, ip, O, R, {e,/}) where 

a) N = {{p,u,w) : p G P,u is a base of M^^^-^ and w is a base of 3} 

b) ip{p, u, w) = p. 

c) O = GL{n) X GL{k) and R(a,b) {P-, u, w) = (p, u.a, w.b) 

d) For 1 < i <n and 1 < j < k, ei{p,u,w) is the horizontal lift with respect to uj of Ui at 
p and en+j{p, u, w) is the only vertical vector on Pp .such that io{p){en+j{p, u, w)) = wj. 

X is a s-space over P and it's base change morphism is given by L{a,b) ~ 

Example 4 This example can be found in Let M be a manifold and V be a linear 
connection on it. Let K : TTM — > TM be the connection function induced by V ( i.e. K 
is the unique function that satisfies: for v € Mp, K \tMv'- TMy — > Mp is a surjective linear 
map and for any vector field Y on M such that Y{p) = v, we have that K{Y^,^{w)) = V^Y). 

n 

For 1 < i, j < n, consider the 1-forms 6^ and lOj defined by '^*i^p^-^{b) = ''^^6^{p,u){b)ui and 

i=l 

n 

K{{^jK,Jb)) = Y,^]iP^y){b>^■ Let A = {LM x GL{n),^,GL{n),R,{Hi,V^]) where 
1=1 

ip{p, u, b) = (p, u.b), the action is Ra{p, u, b) = (p, u.a, a~^b) and {Hi, Vj} is dual to {6'*, ujj}. 
X is a s-space over the frame bundle of M with base change morphism L{a) = Ldnxn- 

The importance of the s-spaces for the study of the tensors on manifolds is given by the 
following proposition: 



3 



Proposition 5 Let A = (A^, -f/^, O, i?, {cj}) he a s-space over M and L be the base change 
morphism of X. There is a one to one correspondence between tensor fields of type (0,2) on 
M and differentiable maps '^T : N — > ]R"^" that satisfy the invariance property 

^ToR, = {L{a))K^T.L{a) 

Proof. Let T be a tensor on M. Consider the matrix function '^T : N — ]R"^" defined 
by ['*'T(z)]* = T{il){z)){ei{z),ej{z)). For a G O, we liave that the entry of the matrix 

n n 

^T{z.a) is [^r(z.a)];. = r(V^(z.a))(e,(z.a), e,-(z.a)) = T(V(z))(5^ er{z)L{a)\, ^ es{z)L{a)]) 

r=l s=l 

= ^J!^^;^ L(o)[/T(2:)^.L(a)j , hence satisfies the invariance property. Let F : N — 
jj^nxn ^ differentiable function that satisfies the invariance property, we are going to show 
that there exists a unique tensor T on M such that "^T = F. If X is a vector field on M, then 

n 

it induce a map '^X = (xi, . . . ,x„) : N — > IR" where X('0(z)) = Xj(2;)ej(z). It is easy 

i=l 

to check that o =^ X.[L{aY]-\ Then, we define T{p){X,Y) =^ X{z).F{z).{^Y{z)Y 
where ip{z) = p. Consider z and z such that ip{z) = ip{z) = p. Since O acts transitively on 
the fibers of A'", there exists a £ O that satisfies z = z.a. Therefore, ^X{z).F{z).{^Y{z)y =^ 
X{z).{L{aY)-'^.L{ay.^F{z).L{a).{L{a))~^{^Y{z)Y = ^X{z).F{z).{^Y{z)y , what it prove 
that T it is well defined. Given X and Y vector fields on M, T{X, Y) : M — > IR is a 
differentiable function because T(X, y) o is differentiable and -0 is a submersion. Since 
T is ^(M)-bilinear, we conclude that T is a tensor of type (0,2) on M. Finally, it is clear 
that = F. 

□ 

Theorem 6 Let A = {N, ip, O, R, {e,,}) be a s-space over M , such that O acts without fixed 
point (i.e. if z.a = a then a = e), then {N, ip, O, R) its a principal fiber bundle over M. 

Let us denote by z ~ the equivalence relation induced by the action of the group O 
on the manifold N. To prove the previous Theorem we will need the following next two 
lemmas. 

Lema 7 Let A = (NjipjO, R, {ci}) be a s-space over M. Then N/O has differentiable 
manifold structure and tt : N — > N/O is a submersion. 

Proof. Consider the map p : N x N — > M x AI defined by p{z,z') = {'tlj{z),ilj{z')). p 
is a submersion since ip it is. Let the set A = {(z, z') : z ^ z'} and A be the diagonal 
submanifold of N x N. Since z ~ z' if and only if 'tp{z) = ipiz'), we have that A = p~^{A). 
Therefore A is a closed submanifold of N x N. It is well know (see for example [3]) that if a 
group O acts on a manifold N, N/O has a structure of differentiable manifold such that the 
canonical projection vr is a submersion if and only if A is a closed submanifold of N x N. 
In this case, the differentiable structure of N/O is unique. 

□ 
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Lema 8 Under the hypotheses of the previous lemma: 

i) N/O is diffeomorphic to M . 

ii ) ker vr* = ker -0* . 

Proof. Let / : N/O — > M defined by f{[z\) = il^{z). By definition / o tt = -0, then / 
is differentiable and kervr* C ker-i/^*. In the other hand, let g : M — > N/O, defined by 
dip) = '^{^) where z ^ N satisfies that i'iz) = p. Since O acts transitively on the fibers 
of N , g is well defined. As vr = g o we have that g is a differentiable function and that 
ker C ker tt*. An easy verification shows that g o f = Id^/o ^^'^ f ° 9 = IdM- 

□ 

Remark 9 If X = {N , ip , O , R, {ci}) is a s-space over M, then {N,i{j,0,R) is a principal 
fiber bundle over N/O. 

Proof of Theorem\^ It remains to prove that (iV, -0, O, R) satisfies the local triviality prop- 
erty, (i.e. all p G M has an open neighbour U on M, and a diffeomorphism r : 0""'^([/) — 
f/xO such that r = (■0, 0), where <t){z.a) = 4>{z).a for ah a G O). Let p e M, take [zq] G N/O 
such that /([^^o]) = P- As {N^if^i^O^R) is a principal fiber bundle over N/O, there exist an 
open neighbour V of [zq] and a diffeomorphism r = (7r(z), 0(z)) such that satisfy the local 
triviality property. U = f{V) is an open neighbour of p on M, since f is a diffeomorphism, 
and it satisfies that 0~^(C/) = 7r~^(V) . Finally, if we define r : 'i/j~^{U) — [/ x O by 
t{z) = (0(z),0(z)), U and r satisfy the local triviality property on p. 

□ 

Remark 10 Note that there exist s-spaces that are not principal fiber bundles. For example, 
let X = { IR" X (IR" - {0}),pri,GL{n),R,{ei}) over R"- , where pri{p,q) = p, Ra{p,q) = 
{p,q.a) and ei{p,q) = -^\p is the base o/IRp induced by the canonical coordinate system of 
. 

If we say that a s-space A = {N,il},0,R,{ei}) over M is a principal fiber bundle, we 
want to say that (A^, '0, O, R) is a principal fiber bundle over M. 

We denote by = {a G O : z.a = z} the stabilizer's group of the action R at z. It is 
well know that, if for a point z N the orbit z.O is locally closed (i.e. ii w z.O, there 
exist an open neighbour V oi w on N, such that V fl z.O is a closed set of V ), then z.O is 
a submanifold of A^ and /^([a]) = z.a is a diffeomorphism between O/Sz and z.O, see [3]. 

Proposition 11 Let X = {N,%l),0,R, {ci}) be a s-space over M, then 

i) There exists s G INq such that dimS^ = s for all z (z N . 

ii ) dim A^ = dim M + dim O — s. 
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Proof. Let z £ N and ip{z) = p. That dimA^ = dimkei ip^^ + diniAf and dimkei ip^,^ = 
dim^~-^(p) follow from the fact that ■0 is a submersion. Note that z.O = ip~^{p), since O 
acts transitively on the fibers. As 'ip~^{p) is locally closed, we have dimO/Sz = diimp~^{p). 
Therefore, dimA^ = dimM + dimO — dim Sz for all z, so dimS';2 = s is constant, which 
completes the proof. 

□ 



Given a s-space A over M, it will be very important to know the tensors on M that 
satisfy that is a constant matrix. It is clear that not for every matrix A G IR'^^'^ there 
exists a tensor T on M such that '^T = A. From proposition [5l we know that a necessary 
and sufficient condition for this happens is that L{ay .A.L{a) = A for all a £ O. In that 
case, we said that A admits matrix representations of type A. In the last part of the Section 
we show some conditions that a s-space has to satisfies to admits matrix representation of 
certain class of diagonal matrix. For i' = 0, 1, • • • ,n — 1, we denote by lu the following 
matrix of IR"^" 



/-I 



\ 



1 



if > 1 and Iq = Idnxn 



\ 1/ 
With Oi, we denote the orthonormal group of index u. If = then Oq = 0(n) 



Proposition 12 Let A = {N, ip, O, R, {cj}) be a s-space over M with base change morphism 
L. If Q < y < n — \, the following conditions are equivalent: 

i) Img{L) C Oy. 

ii) X admits matrix representations of type 1^. 

Hi) There is a semi-Riemannian metric on M of signature u such that {ei(z), . . . , e„(z)} 
is an orthonormal base of M^(^z) for all z £ N. 

iv) There exists a tensor T on M that satisfies ^T{z) = ly for all z € ip~^{po) and for a 

Po e M. 



Proof, i) =^ ii) Consider the constant map F = 1^. Since F satisfies the invariance prop- 
erty, it follows from the Proposition[5]the existence of a tensor that satisfies = 1^. ii) =^ 
Hi) If = ly, then T is a semi-Riemannian metric of index u and T{ip{z)){ei{z), ej{z)) = 
[luYj- iii) =^ iv) is immediately, iv) =^ i) Let a £ O and zq such that ^p{zo) = po, then 
lu = Iv{zQ.a) = L{aY .Iu.L{a) for all a £ O. 

□ 
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The next Proposition is a consequence of the fact that 0{m) fl Oi, = {D G 0{m) : D = 
A \ 

^ „ con A G 0{v) y B e 0{m - v)]. 
(J B J 

Proposition 13 Let A = (A'^, -0, O, i?, {e^ }) he a s-space over M with base change morphism 
L and 1 < u < n — 1. A admits matrix representation of type Iq and I^, if and only if there 
exist differentiable functions Li : O — > 0{i') and L2 : O — > 0{n — u) such that 



L{a) 



Li(a) 
L2(a) 



Proposition 14 Let A = (iV, 7/;, O, i?, {cj}) he a s-space over M with O connected. A 
admits matrix representations of type ly for allO < ly < n — 1 if and only if X admits matrix 
representation of type A, for all constant matrix A G IR"^". 

Proof. If A admits matrix representations of type Iq, Ii, . . . ,1^, from the proposition above 

. \ 



we have that L{a) 



±1 

V l{a)J 



with l{a) G 0{n — u). Since L is differentiable 



the proposition follows. 



and L{ah) = L{a).L{b), we see that L{a) = ( ^^'^^'^ j . \{ y = n, then L = Inxn and 



/(a) 



□ 



3 Morphisms of s-spaces. 

Definition 15 Let A = {N, ^p, O, R, {ej) and X' = {N' , •0', O' , R', {e-}) be s-spaces over M. 
We call a pair (/, r) a morphism of s-spaces between X and X' if 

a) f : N — > N' be differentiable. 

b) T : O — > O' is a morphism of Lie groups. 

c) ijj' o f = il). 

d) f{z.a) = f{z).T{a) for all z ^ N and a ^ O. 

Note that if A and A' are principal fiber bundles, (/, r) is a principal bundle morphism 
between them. 

Example 16 Let X = {N,'ilj,0,R,{ei}) be a s-space over M and LM the s-space in- 
duced by the frame bundle of M. Consider the pair {T,L) : X — > LM, where T{z) = 
{ip{z), ei(z), . . . , en{z)) and L is the base change morphism of X, then (F, L) is a morphism 
of s-spaces. 
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Remark 17 Let A and X' be s-spaces over M and {f,T) : A — > A' be a morphism between 
them. If A' is a principal fiber bundle and r is infective, then X is a principal fiber bundle. 

Remark 18 It is easy too see that if r is surjective then f is also surjective. If O' acts 
without fixed point, then we have that r is surjective if and only if f is surjective; the 
injectivity of t implies that of f; and if t is bijective then so is f . If O and O' act without 
fixed point, then f is injective if and only if t is it. 

Let (/, r) : A — > X' be a morphism of s-spaces. As tp'{f{z)) = tp{z) we have that 
{e^(/(z))} and {ej(z)} are bases of M^(^). Therefore, there exists C{z) € GL{n) that 
satisfies {e[{f{z))} = {ej(z)}.C(z). We called to the function C : N — > GL{n) the linking 
map of (/, t). For example the linking map of the morphism given in Example [16] is 
C{z) = Idnxn- Let A be a s-space over M with base change morphism L and cq G O. 
Consider (/, r) : A — > A defined by f{z) = Rag and r(6) = Ad{aQ^){b), then C{z) = L{aQ). 

The linking map of a morphism (/, r) satisfies that C{z.a) = {L{a))~^ .C{z).L'{T{a)), 
where L and L' are the base change morphism of A and A' respectively, and the relationship 
between two linking maps is given by C(^g^j-j{z) = C(^f^T-){z).L' {a{z)), where a : N — > O is a 
differentiable function. 

Let A = {N, ip, O, R, {ej) be a s-space over M and consider F : N — > IR"^". We say 
that F comes from a tensor if there exists a tensor T on M such that = F. In this case, 
we say that F is the matrix representation (or the induced matrix function by) of T with 
respect to A. 

Proposition 19 Let X = {N, ip, O, R, {ci}) and X' = {N', t/j' , O', R! , {e'j}) are s-spaces over 
M with base change morphism L and L' respectively, and let (/, r) : A — > X' be a morphism. 
If'^Tis the matrix representation ofT with respect to A', then ^ T o f comes from a tensor 
if and only if 

{L{a))K{^'Tof){z).L{a) = (L'(r(a)))*.(^'r o /)(z).L'(r(a)) 
for all z ^ N and a £ O. 

Proof. If ^'T o / comes from a tensor, then it satisfies {^'T o f)[z.a) = (L{a)Y {T o 
f){z).L{a). So by definition, we have that ^'T{f{z.a)) = L'{T{a))Y .^'T{f{z)).L'{T{a)). 
The other implication follows by a verification of the invariance property. 

□ 

Remark 20 Let T be a tensor on M . From the above Proposition it follows that until the 
k^^ iteration of T by {f,T) comes from a tensor on M if and only if L^ .{C^y .■^T.CKL = 
{L' o Ty.{Cy.^T.C^.{L' o r) for all l<j<k. 

Corollary 21 The following sentences are equivalent: 
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i) For all tensor T on M, (T o f) comes from a tensor on M. 
a) L' OT = zizL. 

Proposition 22 Let (/, r) : A — > A' be a morphism of s-spaces and let T be a tensor on 
M then 

C'Tof){z) = {C{z)Y.'T{z).C{z) 
where C is the linking map of{f,T). 

Proof [e'ro/)(z)];. = r(^'((/(.))))(e^(/(z)),e;.(/(.))) = 

mm m 

= T{i;{z)){^{C{z)):er{z), Y.{C{z))]e,{z)) = J] {C{zm'^T{z)Z.{C{z))] 

r=l s=l r,s=l 

□ 

Definition 23 Let {f,T) : A — > A' be a morphism of s-spaces and T be a tensor on M. 
We say that T is invariant by (/, r) if^Tof =^ T. Let us denote with I[f^r) subspace 
o/x2(-^) given by the invariant tensors of {f,T). 

For example, let A be a s-space over M, if (/, r) : A — > LM is the morphism given in the 
Example [T6l then /(/,r) = X2i^)- Given a s-space A = (NjipjO, R,{ei}) and T ^ 0, then 
there exists a G GL{n) and z G N such that a^.T{z).a ^ T{z). Therefore, if we consider 
the s-space A' = (iV, -0, O, R, {e^}), where {e[} = {ei}.a, we have that T is not an invariant 
tensor by the morphism {Idj\f, Ido)- 

Proposition 24 Let {f,T) : A — > A' be a morphism and T be a tensor on M. If there 
exists A; G IN such that the /e*^ iteration by (/, r) of T is an invariant tensor, then T is an 
invariant tensor. 

Proof. Let us denoted by '^T^ and ^'T-' the matrix representation of the j^^ iteration of 
T with respect to A and A' respectively ^T^ o f = CK^T^ .C , since the k^^ 

iteration is an invariant tensor. On the other hand, ^T^ = j'k-i ^ — (jt Xj^k-i^j _ 
C7*.(^'r'=-2 o f).C = (C*)2/T*^-2.C2 = (C7*)'=-i.^r.C7'=-i, hence = CK^T.C . □ 

Let T be a tensor on M and A = {N, ip, O, R, {ci}) be a s-space over M. For each z £ N, 
consider the lie subgroup of GL(n) defined by Gt(^) = {D £ GL{n) : DK^T{z).D =^ T{z)}. 
We call it the group of invariance of T at z. For simplicity of notation we write Gt{z) 
instead of G^{z) which is more convenient. In these terms, a tensor T is invariant by (/, r) 
if and only if C{z) G Gt{z) for all z e N. 

If 4){z) = ip{z') we have Gt{z) ~ Gt{z'), because ipa '■ Gt{z') — > Gt{z) defined by 
ipa{D) = L{a).D.L{a~^) = Ad{L{a)){D) for a £ O such that z' = z.a, is a homomorphism 
of Lie groups. We called the subset Ft = {{z, g) : z £ N and g G Gt{z)} oi N x GL{n) the 
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invariance set of T. If there is a tensor T on M that admits a matrix representation of 
the form = a.Idnxn, with a ^ 0, then Ft = N x 0{n). Let A be the s-space of Example 
H If T is the tensor on LM that satisfies = ( ^ Idmxm \ ^^^^ ^ ^ ^^^^ 

Ft = -LM X GL{n) x 5^ where Sm denotes the symplectic group of 5^2mx2m^ general 
Ft does not has a manifold structure. The invariant tensor by a morphism (/, r) : A — > A' 
they are those that satisfy that (z, C{z)) G Ft for all z € N. 

Remark 25 Lei (/, r) : A — > A' be a morphism with linking map C . If T ^ ^U,t) ^'^^ ^ 
is nan degenerated, then det(C(z)) = ±1 for all z G N. 



4 Connections on s-spaces. 

Given A = {N,0,ip,JR, {ej}) a s-space over M, for z G let us denote by Vz the vertical 
subspace at z induced by the projection ip (i.e. Vz = kevip^,^). Note that dim 14 = k — s 
where s is the dimension of the stabilizer Sz and k = dimO. As when we deal with fibrations 
(see [l3]), we have a notion of connections for s-spaces. 

Definition 26 A connection on a s-space A over M is {1, 1) tensor (j) on N that satisfies: 

1) (pz '■ Nz — > Vz is a linear map. 

2) (p"^ = (p, (p is a projection to the vertical subspace. 

3) ^z.a{{Ra)*M) = {Ra)*Am)- 

Note that 3) has sense because {Ra)*^{yz) = Vz.a- 

We called to Hz = ker 0^ the horizontal subspace at z. It is clear that Nz = Hz ® Vz- 

Since (Pza{{Ra)*A<Piz)ib))) = {Ra)*^^^^) = (i?a)*,(0) = 0, {Ra)*AHz) = Hz.a- As in 

the case of connections in principal fiber bundles we have that: There is a connection (p 
on A if and only if there exists a differentiable distribution on N (z — > Hz) such that 
Nz = Hz ® Vz and Hz.a = {Ra)*^{Hz)- If we have a distribution with these properties, we 
define </'(z)(6) = V" where b = b^''+b'". 

Let A = {N,ip^O^R,{ei}) be a s-space over M endowed with a connection (p, then we 
have the concept of horizontal lift. 

Definition 27 Let v G Mp and z € ip~^{p). We called horizontal lift ofv at z to the unique 
vector E A''^ such that ip*^{Vz) = v and E Hz. 

Given a vector field X on iV , let H[X) a V{X) the vector fields that satisfy that 
H{X){z) E Hz, V{X){z) E Vz and X{z) = H{X){z) + V{X){z) for all z E iV. We called 
H{X) and V{X) the horizontal and the vertical projections of X. Is easy to see that H{X) 
and V{X) are smooth vector fields if X is a smooth vector field. 
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Proposition 28 Let X be a vector field on M. Then there exists a unique vector field 
on N such that X^{z) G and i;^^{X^{z)) = X{tp{z)) for all zeN. 

Proof. Let pq £ M and zq £ N such that ip{zo) = pQ. As V is a submersion, there 
exist ([/, x) and {V, y) centered at po and zq respectively that satisfy tp{U) C V and 
y o ^ o x~^{ai, . . . ,an,an+i, . . . ,am) = (ai,...,a„). If X{p) = Ya=i P'(p)-ij- \p P S C/, 
let the vector field on V defined by Xu{z) = Y17=iiP^ ° then we have that 

tp^(X) = X o ip. For this reason, we can take an open covering {C/jjjg/ of N such that 
for each Ui we have a field Xi G x{Ui) that satisfies the previous property. Let {Cilie/ be 
a unit partition subordinate to the covering Consider the vector field X E x{^) 

given for X = '^i^i d-Xi. X satisfies that = X{tp{z)) for all z £ N. Finally, 

H{X) is the vector fields that we looked for. The uniqueness follows from the fact that 
l-ffz- Hz — > M^(^z) is an isomorphism. 

□ 

Remark 29 The horizontal distribution z — > Hz is trivial since {e^(z) = {ei{z))z}i'=i is 
a base of Hz for all z £ N and {e^}f^i are smooth vector fields. 

For all 2 € we have defined the function az ■ O — > N given by crz{a) = z.a. 
If A G 0, let V{X){z) = {az)*SX) € where e is the unit element of O. If the 
group O acts effectively and A" 7^ is easy to see that V is not the null vector field. 
If O acts without fixed point, then V{X){z) / for all z G and A 7^ 0. Any- 
way if {Xi,---Afc} is a base of 0, then {F(Ai)(z), • • • , F(Afc)(2:)} spanned Vz. It is 
not difficult to see that 'kev{az)*^ = T^Sz. Consider the 1-forms 6i on A^ defined by 
= 0*(-2^)(^)^j(-2)- {^"'^(•2)) • ■ ■ ) ^"(-z)} are lineally independent and they are a 

base of the null space of the vertical subspace. Straightforward calculations show that the 

/e\z.a){{Ra).Ah))\ /e\z){b)\ 
1-forms 9i satisfy that L{a). I '■ I ~ I : I all z G A^ and a G O. 

\e^{z.a){{Ra).M)l \0^iz)ib)J 

Proposition 30 Let X be a s-space over M such that exists a subspace V of that satisfies 
dimy = k — s (s = dimSz) and V R T(,Sz = {0} for all z £ N. If X admits a connection, 
then the tangent bundle of N is trivial. 

Proof. Let {Ai, . . . , Xk_s} be a base of V, then the vertical vector fields Vi{z) = {az)*^{Xi) 
with i = 1, . . . , k — s are a base of Vz for all z £ N. We have that {ej", . . . ,e^, Vi, . . . , Vk-s} 
trivialized the tangent bundle of A^. 

□ 

Remark 31 With the same hypothesis of the Proposition, we a natural dual frame of N . 
Fori = l,...,k-s, letthe 1-forms on N defined by (l)z{b) = YnZt W^{z){b)Vi{z). Then 
is easy to see that {e^{z), • • • , ^"(z), W^iz),---, W^-'{z)} is a base of N* for all z £ N and 
it is the dual base of {e'l{z), ■ ■ ■ , e!^{z),Vi{z), ■ ■ ■ , Vk-s{z)}. 
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Remark 32 Let A = {N,iJj,0,R,{ei}) be a s-space over M that is also a principal fiber 
bundle. Is well know that every principal fiber bundle admits a smooth distribution that is 
transversal to the vertical distribution and is invariant by the action of the group O, see f^, 
so there exists a connection on A. On the other hand, the group O acts on N without fixed 
point and the hypothesis of the Proposition [23 are satisfied. Therefore, the tangent bundle 
of N is trivial. 

Remark 33 Let G be a metric on N such that the maps Ra are isometrics for all a O. 
If O is compact and N is a closed manifold, then N admits a metric with this property (see 
l^). Let Hz be the subspace of orthogonal toVz. Is easy to see that z — > Hz induces a 
connection on A. 

Remark 34 In the situation of Proposition \3(K we can lift a metric G on M to a metric 
G on N in a very natural way. Given G a Riemannian metric on M let 

k~s 

G = 'ilj*{G) + ^W'0W\ 
1=1 

G is a metric on N and ip : [N, G) — > (M, G) is a Riemannian submersion. To keep in 
mind the metric G can be very useful. For example, using the fundamental equations of a 
Riemannian submersion 116^ we can relate the curvature tensors of both metrics. Sometimes 
if we chose appropriately the s-space over M , we can simplify considerably the calculation 
of the curvature tensor of {M,G). This is the case when the base manifolds is the tangent 
bundle of a Riemnannian manifold. In JMl, we use a s-space A and the metric G to compute 
the curvature tensor of the tangent bundle endowed with certain class of A natural metrics 
with respect to the bundle. 

Remark 35 Let X be a s-space over M and let V be a linear connection on M with con- 
nection function K . Consider : TN — > TM defined by 

Ki{b) = K({e,),M) 

and let Hz = {h ^ Nz : K\{h) = for i = 1, . . . ,n}. This smooth distribution is invariant 
by the group action but it is not necessary complementary to Vz. If Fz : Nz — > Afi/;(z) x 

n times 
, ^ 

^■>p{z) X ... X M^f^z) is given by Fz{b) = {■ilj^^{b), Kl{b), . . . ,Kz{b)) it is not difficult to see 
that there are equivalent: 

i) Fz is injective and {M^i^z) x x . . . x 0) G Img Fz. 
it) Nz = Hz®Vz. 

So if X satisfies i) — ii) we have that z Hz induces a connection on X. If G is a metric 
on M let the (0,2) symmetric tensor on N given by 

n 

G{A, B) = c{z)G(i\^.^ (A), (^)) + E iA),K\B)) 

i=l 
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where c, li are positive differentiahle functions. If F is injective, the G is a Riemmannian 
metric. If A is the s- space LM and c = 1 and k = 1 for i = 1, . . . n, then G is the well know 
Sasaki-Mok metric (see fT5^ and J^). 

5 Natural tensor fields 

5.1 Natural tensor fields on fibrations. 

In this section we will study certain class of tensors on a manifolds and fibrations. With a 
tensor T on a fibration we want to mean that T is a tensor on the space manifold of the 
fibration. If a = {P, vr, IF) is a fibration we will consider a particular class of s-spaces over 
P in order to take into account the structure of the fibration for the study of the tensors 
on it. 

Definition 36 Let a = (P, vr, IF) be a fibration on M and A = (N, ip, O, R, {cj}) be a s-space 
over P. We say that X is a trivial s-space over a if N = N' x W . 

Example 37 The s-space A = (LM x GL{n),ip,GL[n),R,{Hi,V^}) given in the example 
[2 is a trivial s-space over the frame bundle of M. 

Definition 38 Let a = (P, vr, IF) be a fibration and A = (N x IF, -0, O, i?, {cj }) be a trivial s- 
space over a. We say that a tensor T on P is X-natural with respect to a if^T{z, w) =''^T(w) 
(i.e. its matrix representation depends only of the parameter w of the fiber W). 

Remark 39 Let M be a manifold endowed with a linear connection V and a Riemannian 
metric g. If we consider the s-spaces A = (LM x GL{n),ip, GL{n),R, {Hi, V^}) (Example\^ 
and X' = {0{M)xGL[n),ip,0{n),R,{IIi,Vj}), where 0{M) is the manifold of orthonormal 
bases of (M, g) and the action of the orthonormal group and the projection are similar to that 
ones of X, then the concept of X — natural and X' — natural with respect to {LM, vr, GL{n)) 
agree with that ones of natural tensor with respect to the connection V and with respect to 
the metric g given in 

Remark 40 There exist s-spaces such that the concept of X — natural with respect to the 
fibration agree with the known cases of naturality. So, our definition also generalizes the 
notion of natural tensor on the tangent and the cotangent bundle of a Riemannian (see 
and Example\53\} and semi-Riemannian manifold (see JJ^). 

5.2 Natural tensor fields on manifolds. 

In view of the definition of A — natural with respect to a fibration, it seems interesting to 
ask what it means to be A — natural with respect to a manifold. A manifold M can be view 
as a trivial fibration om = (M x {a},pri, {a}) and there is a one to one correspondence 
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between the s-spaces over A and the trivial s-spaces over a. A s-space A = (A^, ^, O, i2, {ci}) 
over M induced the A' = (A^ x {a}, '0, O, -R, {cj}) o'^sr a. A tensor T on M induce a tensor 
T' on M X {a}. Then T' is X' — natural with respect to a a if and only if ^ T'(z, a) =^ T'{a), 
therefore T' is A' — natural with respect to a a if and only if is a constant map. This 
suggests the following definition: 

Definition 41 Let \ be a s-space over M and T a tensor on M . We say that T is \ — 
natural if'^T is a constant map. 

Example 42 Let {M,g) be a Riemannian manifold and let A = (0(Af ), vr, 0(n), •, {vTj}) 
the s-space over M induced by the orthonormal frame bundles of M . Since L{a) = a for all 
a £ 0{n), T is X — natural if and only if = k.Idnxn, that is T is an scalar multiple of 
the metric g. 

Example 43 Suppose that the map F of the Remark\3^ is bijective. Let (3 = {N, id^, {1}, 

)( ■ ) J ii^ii^))'^ 1 i^j }) ^6 s-space over the space manifold of X, where {1} is the 
trivial group and { ■ ) is the trivial action, {ei{z))^ is the horizontal lift of ei{z) at z and 
(ej(z))^^*^ satisfies that K^{{ej{z)Yz^'^^) = ej{z). If G is a metric on M and G is the gener- 
alizes Sasaki-Mok metric on N then 



'G{z) 



/[^G] ••• \ 

i^G] 

■■• 

[^G] / 



so G is P natural if and only if G is X-natural. 

Remark 44 Let a = {P, vr, IF) be a fibration on M and A a trivial s-space over a. X is also a 
s-space over P. If a tensor T on P is X— natural then T is X— natural with respect to a. The 
converse implication not necessarily holds. Let X = {0{M) x GL{n),'tp,0{n), R, {Hi,Vj}) 
over LM , there are more X — natural tensors with respect to LM than constant maps, see 

E- 

Remark 45 Consider the s-space LM and let T be a LM — natural tensor on M . Let 
A G JiiT-x"^ such that = A. Since the base change morphism of LM is the identity of 
GL{n), A = a^.A.a for all a € GL{n), hence T must be the null tensor. Therefore, for a 
manifold M the null tensor is the only one that is X — natural for all the s-spaces over M . 

Remark 46 If T is X — natural, we have that N x Im{L) C Ft where Fj- = N x G with 
G a subgroup of GL{n). 

Let A = (A^, O, ■!/;, IR, {cj}) be a s-space over M . Note that if T is A — natural and 
(/, r) : A — > A is a morphism of s-spaces then T € I{f,T)- the other hand, if T € I{f,T) 
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for all (/, r) automorphism of A, then T is constant in each fiber of N . A necessary and 
sufficient condition for a tensor T to have a constant matrix representation in each fiber is 
that T € I[f^^Ta) a € O, where {fa,Ta) is the morphism defined by fa{z) = Ra{z) and 

Ta{b) = a~^b.a. Let us see some facts about the relationship between the natural tensors 
and the morphisms of s-spaces. The next two proposition follow from Proposition 1221 

Proposition 47 Let A and A' be two s-spaces over M and (/, r) : A — > A' be a morphism 
with linking map C . If T is a X' — natural tensor with ^ T = A IR"^", then T is 
A — natural if and only if {C (z)"^)^ .A.C {z)~^ is a constant map. 

Proposition 48 Let (/, r) : A — > X' be a morphism of s-spaces with linking map C and 
T a tensor on M that is X and X' — natural. Let A and B G ^'^x'^ such that '^T = A and 
^'T = B, then C{zy.A.C{z) = B for all zeN. 

In particular, if A = A' the image of the linking map of any automorphism have to be 
included in the group of invariance of all the A — natural tensors. For example, if A = 
{LM X GL{n),'il), GL{n), R, {Hi, Vj}) and (/, r) is an automorphism of A with linking map 
C, then C{z) = Id(^n+n2)x{n+n^) fo'^ ^ G LM X GL{n). 

Proposition 49 Let X = {N,iJ),0,R,{ei}) and X' = {N' ^ij)' ,0' ,R' ,{e[}) be two s-spaces 
over M , (/, r) : A — > X' be a morphism of s-space, T a X' — natural tensor and let 
A G Ji^xn gy.(,f^ fj^Q^f A _ Then ^ T o f comes from a tensor on M if and only if 
{L{a)Y.A.L{a) = A for all aeO. 

Proof. Since T is A' — natural, (L' {a')Y .A.L' (a') = A for all a' G O', then the Proposition 
follows from Proposition I19[ 

□ 

Remark 50 There are tensors on Ad that are not X — natural for any X s-space over M . 
Let T be a not null tensor on M , then there exists p £ M such that T[p) : Mp x Mp — > IR is 
not the null bilinear form. Let f be a differentiable function on M that satisfies f{p) = 1 and 
f{q) = for a point q different of p and consider the tensor T defined by T{^^) = /(^).T(^). 
If T is X — natural, then ^T = A and since T{q) = Q, A must be the zero matrix. But 
for z' G ilJ-\p), we have that ^f{z') = [f{q){ei{z'),ej{z'))] = f{p)[T{p){eiiz').ej{z'))] + 0, 
hence T is not X — natural. 

Proposition 51 Let T be a symmetric tensor on M with index and rank constant, then 
there is a s-space X over M such that T is X — natural. 

Proof. If rank{T) = then T is the null tensor and T is A — natural for all A. Sup- 
pose that rank{T) = r > 1 and index[T) = r — s. For every p £ M there is a base 
{vi, . . . ,Vs, Vs+i, • • • , Vr,Vr+i, • • • , Vn} of Mp that diagonalizes the matrix of T{p), that is 
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0\ 

[T{p){vi,Vj)] = I -Id(r~s)x{r~s) = I^r- Let A = (iV,7r,0,-,{7ri}) where 

0/ 

fO{s) \ 

AT = {{q,v) e LM : [T{q){v^,Vj)] = Isr}, 0=0 0{r - s) and the 

V GL{n -r)) 

action, the projection and the map {tTj} are similar to those of LM. Then = Isr □ 



6 Subs-spaces. 

Let A = {N, il), O, R, {cj}) and A' = {N\ tp', O', R', {e'J) be s-spaces over M and N respec- 
tively and h : M — > M' be a differentiable function. Let / : N — > N' be a differentiable 
function and r : O — > O' a group morphism. 

Definition 52 We said that {f,T) is a morphism of s-spaces over h if f{z.a) = f{z).T{a) 
for all z ^ N and a & O and ^' o / = /i o ■0. 

This definition generalize the concept of morphism of s-spaces. If A and A' are s-spaces 
over M, and (/, r) : A — > X' is a morphism of s-spaces then (/, r) is a morphism over IdM- 

Example 53 Let{M,g) be a Riemannian manifold and let X = (0(M) xi?", ?/^, 0(n), i?, {cj}) 
the s-space over TM where the projection is defined by 'ilj{p,u,^) = ip,^^^iUi^^) and the 
action of the orthonormal group on 0{M) x IR" is given by Ra{p,u) = {p,u.a,^.a). For 
1 < i < n, let ei{p,u,^) = (vr*^,(p_„_5) x K^(p^„^^))-i(ui, 0) and en+i{p,u,C) = (7r*^(p,„,5) x 
K^^p jj^^^^)~^{0,Ui), where K is the connection map induced by the Levi-Civita connection 
of g. Before we see an example of subs-space let us make a brief comment. The ten- 
sor on TM that are X natural with respect to TM agree with the ones of Calvo-Keilhauer 
0/. The Sasaki Gs and the Cheeger-Gomoll Gcg metric are X — natural with respect to 
TM . The matrix representation of the Sasaki metric and the Chegeer-Gromoll metric are 

\n C\ - I ^'^nxn \ ^^rXry ^\ f Idnxn 



"^^^^'"'^^ = 1 r /d„.J V j^ild^xn + iO'-O 

spectively . 

Consider the s-space X' = {0{M),'tlj' ,0{n — l),R',{e'-}) over the unitary tangent TiM 
bundle of M, where ip'{p,u) = {p,Un), The action of 0{n — 1) on 0{M) is given by 
Ra{p,u) = {p^Yl'lZl Ui(A, ■ ■ ■ Uia]^_^,Un)- The maps {e[} are defined by e^{p,u) = 

{'^H(pu) ^ -^t/.{p,«))"H^^i,0) ifl<i<nandby e'^^i{p,u) = (7r,^,(p„) x K^(p,^))-^{0,Ui) 
if 1 < i < n - 1. Let f : 0{M) — > 0{M) x IR" and r : 0{n - 1) — > 0{n) defined by 

a 
1 



f{p,u) = {p,u,v) where v is the n^^ vector of the canonic base of R^, and T{a) = 
{f,T) : A — > A' is a morphism of s-spaces over the inclusion map of TiM in TM. 



Let M and M' be manifolds of dimension n and n' respectively. Let A = {N, ip, O, R, {cj}) 
and A' = {N', O' , R', {e^}) be s-spaces over M and M' and (/, r) : A — A' a morphism 
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of s-space over an inmersion h : M — > M'. For every z N, /i^^^^j (M0(2)) is ^ sub- 
space of dimension n of M^^^^^^^ and it is generated by {/i^^^^j (ei(z)), . . . , h^^^^^{en{z))}. 
As {e[{f{z))} is a base of M'^i^j^^^y for every z & N there exists a matrix A(z) £ ^n'xn' 
with ranA:(^(2;)) = n that satisfies 

n'—n 

{Ki^, (ei(z)), . . . , /i,^,^, (e„(z)), OT^} = • • • , e:,,(/(z))}.A(z) 

In the previous example, A{p, u) = ^'^(2n-i^x(2n-i) ^ _ If M = M' and h is the identity 

map then (/, r) is a morphism of s-spaces and A{z) = C~^{z) is C is the linking map of 
{f,r). 

In this situation, we have the following definition: 

Definition 54 X is a subs-space of A' if there exists a morphism of s-spaces (/, r) over an 
injective inmersion h : M — > M' such that f is an inmersion and the map A induced by 
(/, r) is constant. In this case, we said that X is a subs-space of X' with morphism (/, r) 
over h. A s-space X = {N, tp, O, R, {ej) is included in X' = {N', -0', O', R', {e-}) if N c: N' . 

Example 55 Let M be a parallelizable manifold , V a vectorial space and V a subspace 
of V . Let GL{y) the group of linear isomorphisms of V and GL{V,V') the subgroup of 
linear isomorphisms of V with the property that T{V') = V . Consider the s-space X = 
(M X y,pri, GL(y), {e,}) over M, where the action is defined by Rf{p,z) = {p,f{z)) 
for {p,z) £ M xV and f G GL{V), and Cj = Cj opri where {ei, • • • , e„} are the vector fields 
that trivialized the tangent bundle of M. If X' = (M x V' ,pri,GL(y,V'), Rf,{ei}), then X' 
is a subs-space of X. 

Proposition 56 Let X = {N,'ip,0, R, {ei}) and X' = {N' , ip' , O' , R' , {e'j}) be s-spaces over 
M such that X is a subs-space of X' with morphism {f,T) over the identity map of M. If a 
tensor T on M is X' — natural then T is X — natural. 

Proof [^r(z)],, = T{^{z)){e,{z),e,{z)) = T{^'{f{zmE'Lie'i{z)AlE:=ie'MA^) = 
= '^'I's J then is a constant map. 

□ 

Remark 57 The converse statement does not holds in general. Let (M, g) be a Riemannian 
manifold and 0{M) be the s-space induced by the principal bundle of orthonormal frames. 
If io{M) '■ 0{M) — > LM and io(n) '■ 0{n) — > GL{n) are the respective inclusion, then 
0{M) is a subs-space of LM with morphism (?o(M)) ^o(n)) over the identity map of M . We 
known that there are 0{M) — natural tensors that are not LM — natural. 

Let T be a tensor on M and let : LM — > jinxn ^^iq matrix map induced by 

the s-space LM. Given a s-space A = {N,ip,0,R,{ei}) over M we have a morphism 



17 



(r, L) : A — > LM, see Example [T6j It is clear that =^^^ T oT, thus if T is A — natural 
then there exists a matrix A £ ]R"^" such that ImgT C {^^^T)~'^{A). 

Proposition 58 Let T be a tensor on M . There exists A a s-space over M such that T is 
A — natural if and only if there exist a matrix A G and a subs-space of LM included 

in {^^''T)-\A). 

Proof. Suppose that T is A — natural ( A = {N, ip, O, R, {cj})) and let A G Ji'^x"- such that 
= A. Let A' = (r(A^), vr, L(0), R', {iTi}), where vr, R' and {vrj} are induced by LM. The 
map vr : r(A^) — > M is a submersion. Since 7r(r(A^)) = ip{N) = M, vr is surjective. Let 
p £ M and z G ip~^{p), then 7r{T{z)) = p. We are going to see that Tr*^,^,^ : Nj-i^z) — ^ is 
surjective. Given v G Mp there exists w £ Nz such that '4j^,^{w) = v. Let a be a curve on 
N that satisfies q;(0) = z and q;(0) = w, then for = T(a{t)) we have that /3(0) = T(z) 
and vr*j,j^j (/3(0)) = L'|o(vr(/3(t))) = ip^^^w) = v. In the other hand, it is clear that L{0) 
acts transitively on r(A^), so A' is a s-space and it is a subs-space of LM with morphism 
(^r(Ar)5 ^L{0)) over the identity map of M. 

Conversely, suppose that there exist A G R^^" and A = {N , , O , R{ei}) a s-space over 
M that is also a subs-space of LM with morphism (/, r) over the identity map, and it 
holds that f{N) C {^^'Ty\A). Since {ei(z)} = {TTi{f {z))}.B for 5 G [^T{z)] = 

[r(V'(2))(e,(z),e,(z))] =B*.[r(V'(z))(vr,(/(z)),7r,(/(z)))].i3 = S*.AS 

□ 

7 Atlas of s-spaces. 

Definition 59 Let M be a manifold and let A : {Aj = (NijipijOi, Ri, {ei})}i£j be a col- 
lection of s-spaces over M . The collection A is called an Atlas of s-spaces if for each pair 
{i,j) £ I X I there is a morphism of s-spaces {fij,Tij) : Aj — > Xj such that fij : Ni — > Nj 
is a dijjeomorphism. 

We said that the s-spaces A and (3 are compatible if there exists a morphism {fxp, T\^p) : 
A — > j3 and {f/3x,Ti3^x) : (3 — > A such that fxp and fjsx are diffeomorphisms. Hence, an 
atlas is a set of compatible s-spaces over M. If A satisfies that for an atlas B, A Q B implies 
A = B, we called it a maximal atlas. In other words, if A is a s-space compatible with the 
s-spaces of A then A G ^. If A is a s-space over M let us notate with ^ =< A > the 
maximal atlas generated by A. Let ^ be a maximal atlas, it follows from the definition that 
A =< A > for every X £ A. Note that there are different maximal atlases over a manifold. 
Consider a metric on M, then < LM > and < 0(M) > are maximal s-spaces but they are 
different because LM and 0{M) are not compatible. 

Let A be a s-space over M, then A = {A} is an atlas. Therefore the concept of atlas is 
a generalization of the notion of s-space. 
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Example 60 Let A = (A^, ^, O, R, {ej}) he a s-space over M and let A: N — > GL{n) he a 
dijferentiahle function. Consider Xa = {N , ip , O , R, {ef}) where ef{z) = Y17=i^i{^)^]{^)- 
The collection A = {^A}AeJ^{Ai) atlas of s- spaces. 



Example 61 Let M be a parallelizable manifold and {ILi}^^i the vector fields that trivial- 
ized the tangent bundle of AL . Let {N,g) be a Riemannian manifold such that its isometry 
group I^j^f g-j acts transitively on N . Let X(^j\f g-^ = (M x N,pri, L(^j^ g^, Rf , {Hiopn}) where the 
action of L^j^/g^ on M x N is given by Rf{z,p) = (z,f(p)). If (N',g') is isometric to {N,g) 
then A(^^g) is compatible with A(7V'.g')- If N' is not diffeomorphic to N then < ^{N,g) > o,nd 
< A(^/ g/-) > are different maximal atlas of s- spaces over M . 



Definition 62 Let A and B be two atlases 
phisms of s-spaces from a s-space of A to 
between the atlas A and B if for every A G 
(/,r):A^/3. 



of s-spaces over M and F a collection of mor- 
a s-space of B. F will be called a morphism 
A and (3 £ B there exist (/, t) £ F such that 



Remark 63 Let A and B be two atlas over M, Xq £ A, f3o ^ S and (/o,7"o) : Aq — > (3o. 
Consider F = {ffs^^f^ o /q o fxx^,Tp,-^p otqo taaoJag^, paB where (fpoP^TpoP) ■ — > P and 
(/aAq) ''"AAo) • ^ — ^ ^0 are the morphisms that show the compatibility between (3 and (3q and 
between X and Aq- F is morphism of atlases between A and B. 



Remark 64 If X is a s-space over M we have a canonical morphism (Tx,Lx) : X — > LAI 
(see Example \16\) . hence for every s-space X we have a morphism between the atlases < A > 
and < LAI > . It seems interesting to ask if this property characterized < LAI > . In other 
words, if a s-space [3 satisfies that for every X there exists a morphism {fx,Tx) '■ A — > [3 it 
has to be necessarily compatible with LA/I? 

X 

LAI ^:iZZZI^ 



The answer is no. Consider a parallelizable Riemannian manifold [AI,g). Let {IIi}^_^ 
be orthonormal fields that trivialized the tangent bundle of AI . If X = {N,^,0,R,{ei}) is a 
s-space over AI let {fx,rx) : A 0{M) defined by f{z) = {^{z), Hi{iP{z)), . . .,Hn{ipiz))) 
and T{a) = Idnxn- Therefore, for every maximal atlas A there is a morphism between it 
and 0{A'I), and we just know that 0{AL) it is not compatible with LA/I . 




< LAI > Z < 0{AI) > 

Flm,o{m) 
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But there are more atlases with this property. If (M, g) is an oriented manifold, the 
maxi-mal atlas generated by the s-space induced by the principal fiber bundles of orthonormal 
oriented bases SL{M) have this property. The atlas < (M, , {1}, iii, {iJj}) >, where 
Ri is the trivial action, is another example. 

Definition 65 Let A be an atlas of s- spaces over M . A tensor T on M will be called 
A — natural ifT is X — natural for all A € 

Note that the concept of ^ — naturality generahzed the notion of A — naturality. If we 
considerer the atlas A = {A} then T \s A — natural if and only if T is A — natural. 

Example 66 Let X be a s-space over M and consider the subatlas of the atlas given in 
the Example \6U\ defined by A = {XA}AGGL{n)- Then T is A — natural if and only ifT is 
X — natural. Let T be a X — natural tensor on M and A' = {Xa} AeJ^{N,GT) ' then T is 
A' — natural and it has the same matrix representation in all the s-spaces of the atlas. 

Remark 67 If A is a maximal atlas then the unique A — natural tensor is the null tensor. 
Let X = {N,^lJ,0,R,{ei}) € A and f : N — > IR 6e a differentiable function such that 
f{z) 7^ for all z ^ N and is not constant. If X' = {N,ip,0, R, {f.ei}), hence X' € A, 
but the null tensor is the only X — natural and X' — natural at the same time, therefore 
T = is the unique A — natural tensor. 

Definition 68 Let A be an atlas of s-spaces over M and T a tensor on M . T is called 
A — weak natural if there exists A € ^ such that T is X — natural. 

If ^ = {A} or A is the atlas of Example [66l then the concept of ^ — natural and 
A — weak natural coincide. 

For study the naturality of tensors on a fibration a = {P, vr, IF) it will be useful consider 
the atlases A such that all its s-spaces are trivial over a. An atlas with this property will 
be called a trivial atlas over a. The following definition is a generalization of the concept 
of naturality with respect to a fibration: 

Definition 69 Let A be a trivial atlas over a fibration a = {P, vr, IF) and T a tensor on P, 
then T is A — natural with respect to a ifT is X — natural with respect to a for all X £ A. 

Example 70 Let a = (P, vr, G, ■ ) be a principal fiber bundle on (M, g) endowed with 
a connection oj. For every W = {Wi---,Wk} base of g let Xw = {N,il),0, R, {e^}) 
where N = {{p,u,b) : p £ P, u is an orhonormal base of M^i^^-^., b G G}, ip{q,u,b) = q.b, 
O = 0{n) X G and the action R is defined by R(^h a)iQ,u,b) = {qa,uh,a~^b). For 1 <i <n, 
e^ {p,u, g) is the horizontal lift of Ui with respect to uj atp.g and for 1 < j < k, en+j{p,u, g) 
is the only one vertical vector on Pp,g such that uj{p){en+j{p,u, g)) = Wj. A = {Xw}w£Lg, 
is a trivial atlas over a. An easy computation shows that the set of A — natural tensor with 
respect to a are all of those that there exists Xw such that T has a matrix representation 
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of the form ^*T(g, u,a) = f{a).Idnxn ^0^^ ^ ^ ^^^^^ f : G ^ U and B : G — > IR^'^^ 
are differentiable functions. 

As above, if ^ is a maximal trivial atlas over a the only A — natural tensor with respect 
to a is the null tensor. So we have a weak definition of naturality for this case too. We said 
that T is „4 — weak natural with respect to a if T is A — natural with respect to a for some 
AG A 



8 Examples. 

We conclude showing some examples of s-spaces: 



8.1 Lie groups. 

Let G be a Lie group of dimension k. We notated with e the unit of G. If v = {vi, . . . ,Vn} 
is a base of g, let be the unique left invariant vector field on G such that H^{e) = vi. 
Then {Hl{g), . . . , H^{g)} is base of the tangent space of G at g. 



Example 71 Given v a basis of q, let X" = {N, ^, G, R, {e-"}) be the s-space over G defined 
by N = GxG, tp{g,h) = g.h, Ra{g,h) = {g.a,a~^.h) and e'i{g,h) = H^{g.h) forl<i<k. 
Like e^ o Ra{g,h) = e^{g,h), the base change morphism L'" is constantly the identity matrix 
of R^^^. Therefore, if T is a tensor on G it satisfies that 

1 o Ra= 1 . 

For this reason, all constant matricial maps come from a tensor, hence the X" — natural 
tensors are in a one to one relation with the matrices of R^^^. 

Suppose that '^'^T depends only of one parameter, for example ^''T{g,h) T{h), 
then fT{g',h%, = fT{g'hh'~\h%, = T{g'h){H^{g'h),H-{g'h)) = fT{g',h)\,, = 
\^'' T{g,h)]ij , that is T is X" — natural. Therefore, T is X" — natural if and only if T 
is ^""T depends only of one parameter. The left invariant metrics are tensors of this type. 

Let v' be another base of g and consider X"' . If a^^i £ GL(k) is the matrix that satisfies 

v' = Omi'V, then we have that ef{g,h) = e'V (g , h) .a^yi and T = {a^^'Y .'^^ T .a^^i for a 
tensor T on M . Thus the set of X' — natural tensors is independent of the choice of the 
base V. We can observe that {IdcxCj Ida) is a morphism of s-spaces with constant linking 
map a^^i, so T e liidcxcldc) o.'^d only if a^,' € GT{g,h). 



Example 72 Let A = {N,il),0,R,{ei}} be the s-space over G defined by 
N = G X Lq = {{g,v) : g £ G and v is a base of q}, ^^{g, f i , . . . , u„) = g, O = GL{n), 
R^{g,v) = {g,v.a) and ei{g,v) = Hf{g). Since {a} o R^ = {ej.^, ^T o R^ = ^K^T.Uor all 
€ GL{k). Therefore, there is only one A — natural and is the null tensor. 
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The left invariant metrics on G are not A — naturals but for a metric T on G we have 
that T is a left invariant metric if and only if ^T{g,v) T{v). If T is a left invariant 
metric, then 

[^T{g,v)]i,=T{g){{L,)M,iL9)*Avj)) = 

Suppose that the matrix representation induced by T depends only of the parameter of q. 
Let g,h G G and w,v € TgG we have to see that T{g){v, w) = T{hg){{Lh)*g {v), {Lh)*g {w)). 
Let {ui,...,Un} be abase of q. If v = Yj1=iVi{Lg)^.^{ui) and w = Yl'i=i'Wi{Lg)^^{ui), then 
{Lh)*giv) = Y^'l=iVi{Lhg)*,{ui) and {Lh)*g{w) = Y11=iWi{Lhg)*Sui). Hence, 

T{hg){{Lh%g{v),{Lh%g{w)) = {vi Vn) ^T{hg,u). I \ \=T{g){v,w). 

\Wn/ 

Let T be a tensor such that ^T{g,v) depends only of v. We know that ^T{g,v.^) = 
{S,Y.^T{e,v).^ for all ^ G GL{k). Fixed vq G Lg and let F : Lg — > GL{k) be defined by 
V = vo.F{v). Then, ^T{g,v) = {F{v)Y .^T{e,vo).F{v) for all {g,v) e G x Lg. So we have 
that 

^T depends only of the parameter of Lg if and only if there exist A G ^^x*; Qj^^f q 
differentiable function F : Lg — > GL{k) that satisfies F[w.£,) = F[w).^, such that 

^T{g,w) = {F{vu)Y.A.F{w) 

Example 73 Fixed v ^ Lg and consider X" = {G x 0{k), ip, 0{k),R, {ej'}) where ip{g, ^) = 
g, Ra{g,(,) = {g,^o,), e^{g,S,) = II^''^{g) . X is a s-space over G with base change morphism 
L = Ido[k)- If T is a tensor of M, then ^T o = a^.^T.a. Therefore, T is X — natural if 
and only if^T{g, ^) = f{g).Idkxk with f : G — > IR a differentiable function. Is easy to see 
that ^T{{g,^).a) = (^a)*/r((/, /d).(^a), hence the matrix representation of T depends only 
of the parameter of 0{k) if and only if^T{g,C) = i^-^-i with A € ]R"^". 

8.2 Bundle metrics. 

Let a = (P, vr, G, • ) be a principal fiber bundle endowed with a connection w on a Riema- 
nnian manifold (M, g). Let us denote with A^ad(0) the set of metrics on g that are invariant 
by the adjoint map ad. Consider the metric on P defined by 

%)(X,y)=5Wp))(7r,^(X),7r,^(y)) + (/o7r)(p)(a;(X),^(y)) (1) 

where I : M — > Madio)- If G is compact, Madio) 7^ 0) and if is also a semisimple 
algebra, then essentially there is (unless scalar multiplication) only one positive defined 
ad-invariant metric [Hj. If / is a constant function, h is called a bundle metric. It is easy 
to see that vr : (P, h) — > (M, g) is a Riemannian submersion. 
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Let ^0 be an ad-invariant map on g. We are going to consider the s-space A = (N, ijj, O, R, {cj}) 
over P given by = {{q,u,v, g) : q £ P, u is an orthonormal base of M^(q), is an or- 
thonormal base of g with respect to Iq and g € G}, ilj{q,u,v, g) = q.g, O = 0{n) x 0{k) x 
G and the action is defined by R(a,h.h){(l-,u-,v, g) = {qh,ua,vb,h~^g). For I < i < n, 
ei{q,u,v, g) is the horizontal Hft with respect to u! of Uj at q.g and, for 1 < j < k, 
en+j{q,u,v, g) is the unique vertical vector on Pp g such that uj{q.g){en~\-j{q,u,v, g)) = Vj. 
A is a trivial s-space over a. 

Let G be a compact Lie group with g a semisimple algebra and h a metric on P of the 
type of ([1]). Then, we have the following proposition: 



Proposition 74 h is X — natural with respect to a if and only if h is a bundle metric. 



Proof. By definition ^h{q, u, v, g) is the matrix of h{q.g) with respect to de base {ei{q, u, v, g) 
,en+i{q,u,v, g)}. For 1 < i, j < n, we have that: 

HQ-9){ei{q,u,v,g),ej{q,u,v,g)) = g{ui,Uj) + = 6ij 

For 1 < i < n and 1 < j < k: 

Hg9){ei{q,u,v,g),en+j{q,u,v,g)) = = h{qg){en+j{q,u,v, g),ei{q,u,v, g)) 

and for 1 < i, j < k: 

h{q.g){en+i{q,u,v,g),en+j{q,u,v,g)) = I o 7r{qg){vi,Vj) = f{TT{q)).6ij 

because g has essentially one ad — invariant metric. Since 

'^^'"'"'^^=1 /(vr(,))./4xj 

h is X — natural with respect to a if and only if / is a constant map, that is to say that h 
is a bundle metric. □ 



Remark 75 // g has different ad — invariant metrics, and h is a metric of the type of 
then ^h : N — > ^{n+k)x{n+k) ^^^y d^ppj^^g ^/jg parameter of G if I = 5.lo with 5 a 
constant. In general, the metrics of type (CP that are X — natural with respect to a are the 
bundle metrics induced by the ad — invariant metric Iq. 



Remark 76 The s-space X depends of the metric Iq and of the connection oo. Let u>' be 
another connection on a and consider the s-space X' induced by it. The difference be- 
tween the connection are the horizontal subspaces that each one determine and the dif- 
ference between A"^ and X^ are the maps ei : N — > TP and e[ : N — > TP. Let 

A(p,u,v, q) = [ ^1^?*' ^' ^' •S') (^2{p,u,v, g)\ ^ Q]^f^_^f^\ he the matricial map that satisfies 
'^^ \a^{p,u,v,g) a3{p,u,v,g)J ^ ^ 

{e-,e^_^j.} = {ei,en+j}.A where ai{p,u,v,g) G i?"^", a2{p,u,v,g) G IR"^'', a3{p,u,v,g) G 
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IR'^^'^ and a4{p,u,v, g) G IR*^^". Since en+j{p,u,v, g) = e'^_^_j{p,u,v, g), we have that a2 = 
and 03 = Idkxk- If T is a tensor, then 

^ ' '^^ \^ Idkxk J ^ ' \a^{p,u,v,g) Id^xk J 

Suppose as in the proposition above that there is essentially one ad— invariant metric. 
Then if h is a metric of type ('QP we have that 

h{p,u,v,g) = 

( a{{p,u,v,g)ai{p,u,v,g) + f{7r{p))a\{p,u,v,g).a4{p,u,v,g) f{Tr{p)).a\{p,u,v,g) \ 
V f{'^{p))aA{p,u,v,g) f{TT{p)). Idkxk J 

Therefore, if the connections satisfy that oi G 0{n) and 04 is a constant map, then h 
is A — natural with respect to a if and only if h is X' — natural with respect to a. In this 
situation h is a bundle metric. 
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